We propose a simple and pedagogical wavefunction for the ground state of two-electron atoms which (i) is parameter free, (ii) satisfies all two-particle cusp conditions, (iii) yields reasonable ground-state energies, including the prediction of a bound state for H − . The mean energy, and other mean physical quantities, is evaluated analytically. The simplicity of the result can be useful as an easy-to-use wavefunction when testing collision models.
Introduction
We are interested here in the study of the ground state of two-electron atoms (helium and helium-like ions of nuclear charge Z). In the standard textbooks of quantum mechanics (see, e.g., [1] ) one finds simple wavefunctions. In particular, the independent particle model is always presented as a starting point. Next, the use of an effective charge (thus introducing screening effects) illustrates the possibility of improving the trial wavefunction. The optimization through the variational principle of the ground-state energy leads to a fixed, Z-dependent, effective charge for the whole isoelectronic sequence, and thus the wavefunction is parameter free. Moreover, the simplicity of the wavefunction allows one to obtain analytical expressions for the mean energy as well as other physical quantities. However (i) the calculated ground-state energies are not that good and, as is well known, no bound state is predicted for H − ; (ii) the two-body cusp conditions are not satisfied. The variational method can then be pushed much further by including more and more parameters. In this way, very good mean energies can be obtained (see, e.g., [2] [3] [4] and references therein). The introduction of many parameters, however, does not provide the possibility of giving a general result for the whole sequence, and energy values are given only numerically.
Simple wavefunctions are useful, for at least two reasons, when used in applications such as collision calculations. On the one hand, it is useful to have a easy-to-use, simple, parameter-free, wavefunction for a quick check of a given model (usually the independent particle model is used). On the other hand, in many collision calculations, matrix elements involve multi-dimensional integrals. Hence, while complicated, but sophisticated, numerical wavefunctions can lead to numerical difficulties, simpler forms can be used to reduce the dimensionality of the integrals.
Several simple trial wavefunctions, containing only a few variational parameters, have been proposed in the past (see, e.g., [5, 6] ). In a series of very pedagogical papers, Patil and collaborators [6] [7] [8] [9] [10] have successfully investigated the possibility of constructing simple wavefunctions which intrinsically contain some of the known mathematical constraints. The simplest parameter-free wavefunction (see equation (8) ) yields a bound state for the whole helium isoelectronic sequence, except for H − . Energy values for Z 2 can be considered as reasonable in view of the simplicity of the wavefunction.
With a similar pedagogical aim, we wish here to provide a simple parameter-free wavefunction which (i) satisfies all two-body cusp conditions; (ii) gives fully analytical expressions of the ground-state energy and other mean values; (iii) yields substantially improved mean energies, as well as other mean values, for the whole sequence including H − . The result can thus be considered as a reference, easy-to-use, wavefunction instead of the independent particle model with an analytical effective charge.
Atomic units are used throughout.
Generalities
Consider the case of two electrons (charges z 1 = z 2 = −1) in the presence of a nucleus of charge Z. For notational simplicity, we consider the nucleus to be infinitely heavy and fixed at the origin of coordinates; r 1 and r 2 will denote the two electrons' positions and r 12 ∂ ∂r 12 .
(1) For simplicity, in what follows we shall drop the (r 1 , r 2 , r 12 ) dependence of (r 1 , r 2 , r 12 ). The mean energy
is usually minimized with trial wavefunctions (variational method). For the helium isoelectronic sequence, the ground-state 1 S 0 energies which can be considered as numerically 'exact' [2] [3] [4] , E exact , are given in table 1 for Z = 1-3.
The study of the two-body Coulomb singularities of the Hamiltonian (1) has led Kato [11] to provide mathematical conditions that must satisfy (the so-called cusp conditions) [4] ), for Z = 1-3, are compared with those obtained with the independent particle model (IPM) wavefunctions (equation (4)), Myers (equation (6)), Patil (equation (8)) and the proposed wavefunction ARG (equation (10)). For the latter, the values of c(Z) and the norm N ARG are also given. 
where means the average of over a very small sphere of radius r 1 (respectively, r 2 or r 12 ) keeping the other values fixed. Relations (3a)-(3c) provide the linear behaviour that (r 1 , r 2 , r 12 ) must have close to the singularity points. Satisfying these two-body cusp conditions is not only a mathematical requirement, but also an important property that any trial wavefunction should have. This point has been underlined throughout the literature and again recently in the context of double photoionization (see, e.g., [12] ).
Simple parameter-free ground-state wavefunctions of two-electron atoms
Consider now the following three simple, parameter-free, wavefunctions. In each case, the mean energy (and other mean values) can be easily calculated analytically.
Independent particle model
In the independent particle model (IPM) [1] with an effective charge Z eff , the wavefunction reads
The optimized mean energy is found for
The calculated energies for Z = 1-3 are given in table 1. As is well known, no bound state for H − is predicted. The wavefunction IPM does not satisfy the three Kato cusp conditions (3a)-(3c).
Myers et al
Myers and collaborators [13] have suggested the following wavefunction:
The energy can be easily found analytically, see [13] ,
The calculated energies for Z = 1-3 are given in table 1; except for H − they are only slightly better than the IPM ones. Once again, no bound state for H − is predicted. By construction, the wavefunction Myers satisfies the three Kato cusp conditions (3a)-(3c). The correlation factor e r 12 2 allows one to correctly describe the behaviour of the wavefunction when the two electrons are close to each other.
Patil
Consider now the wavefunction suggested by Patil [9] Patil = e −Z(r 1 +r 2 ) 1 + r 12 2 .
The energy can be written analytically,
and the calculated energies for Z = 1-3 are given in table 1. They are much better than those presented above. Like for the previous two simple wavefunctions, no bound state for H − is predicted. The wavefunction Patil satisfies the three Kato cusp conditions (3a)-(3c). The correlation factor 1 + r 12 /2 simulates the electron-electron repulsion since it diminishes the amplitude of the wavefunction when the two electrons are close to each other.
Presently proposed wavefunction: ARG
Starting from these considerations, we now want to build a simple wavefunction, which performs better and satisfies Kato cusp conditions. Moreover, we want the answer to be parameter free. One way to proceed is to take a wavefunction which satisfies the cusp conditions and somehow modify only the powers of r 1 , r 2 and r 12 greater than 1 in a series expansion. Of course, there is an infinite way of performing this. Here, we have found that an effective choice is to start from Patil's function. We have thus considered the following simple wavefunction:
where c has to be determined. The mean energy (2) and the normalization constant N ARG can be evaluated analytically in terms of c and Z,
where
Note that when c = 0, one gets the results given by Patil [9] . By optimizing with respect to c one finds the optimal value
where (14) and replace its value in (12) and (11). The values of c(Z), N ARG and E ARG are given in table 1 for Z = 1-3. Note that the optimized values c(Z) are rather small. The wavefunction ARG (10) , with c replaced by its optimal value (14), is a parameter-free function. The calculated energies for Z = 1-3 are substantially superior to those described above (this holds also for Z > 3). Moreover, contrary to the previous wavefunctions, a bound state for H − is predicted. By construction, the wavefunction ARG satisfies the three Kato cusp conditions (3a)-(3c).
At this point, we would like to point out that our purpose is to provide a simple parameter-free wave function, and there is no intention to compete with advanced variational wavefunctions. Thus, intrinsically, our wavefunction ARG does not contain all the necessary ingredients. In particular, it does not have the correct asymptotic behaviour either when one electron is far from the other one and the nucleus [7] or when all three particles are far from each other [14] . To include these behaviours, one immediately loses the analytical character of the mean energy and the mathematical simplicity of the function; moreover, variational parameters can be introduced, for example, to approximately represent screening effects [5] .
Expectation values of several quantities
The mean energy (2) is a very important quality test of any trial wavefunction. However, the expectation values of other physical quantities allow one to test the wavefunction with a particular emphasis on a given portion of space. Below, we give analytic expressions for the expectation values of several radial and angular quantities, calculated with the proposed wavefunction ARG ) are quite sensitive to the behaviour of the trial wavefunction close to the nucleus (respectively close to the electronelectron coalescence point); the correct behaviour of ARG in these regions is reflected in the satisfactory values found. On the other hand, the quantities r 2 i and r 4 are not that good; this can be easily understood because these quantities give an emphasis on the large distances from the nucleus, and ARG does not possess the correct asymptotic behaviour. Finally, we should recall that the angular correlation r 1 ·r 2 is just the cosine of the mutual angle between r 1 and r 2 . The corresponding values of the angle itself do not vary as much as r 1 ·r 2 seem to show.
Concluding remarks
We have proposed a pedagogical and simple wavefunction for the ground state of two-electron atoms which: (i) is parameter free, (ii) satisfies all two-particle cusp conditions, (iii) yields reasonable ground-state energies, including the prediction of a bound state for H − . Besides, the simplicity of the wavefunction allows one to obtain analytic expressions for the mean energy and other mean physical quantities.
The results given in this paper can be easily generalized to other bound three-body systems with other masses and charges. Moreover, it would be interesting to investigate simple parameter-free wavefunctions also for excited states.
